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INTRODUCTION 
This paper studies the endomorphism rings of separable torsion-free Abelian 
groups. Baer [l] defined an Abelian group to be separable if given any finite 
subset of the group there is a complctcly dccomposablc direct summand of the 
group containing that subset. The endomorphism rings of such groups have 
attracted the attention of several workers, notably that of Liebert [7] who 
characterized those rings isomorphic to the endomorphism ring of some separable 
Abelian p-group. Moreover, Baer [2] and Kaplansky [6] proved that if two 
torsion Abelian groups have isomorphic endomorphism rings, then the groups 
themselves are isomorphic. 
Results corresponding to these have been proven for homogeneous torsion- 
free Abelian groups, with Metelli and Salce [8] obtaining a characterization 
of the endomorphism rings of those groups and Hauptfleisch [5] showing that if 
two such groups have isomorphic endomorphism rings, then they are almost 
isomorphic. The meaning of “almost” becomes clear in Theorem 3, from which 
Hauptfleisch’s result follows as a corollary. 
We consider only torsion-free Abelian groups and any undefined concepts are 
standard ones from Fuchs [3]. We define a group to be pointed if the set of types 
of its rank-l summands contains a unique minimal type, when WC say that the 
group is pointed in that type. We say a group is idempointed if it is pointed in an 
idempotent type. Clearly homogeneous separable groups are pointed since all 
elements of the group have the same type and the group has at least one rank-l 
summand. 
We characterize the rings isomorphic to the endomorphism ring of some 
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pointed separable group and show that if two such groups X and Y have iso- 
morphic endomorphism rings, then there are rank-l groups X, 7’ satisfying 
Throughout this paper E is an associative ring with identity and for any 
subset S of E we define, 
ZE(S) = {c$ EE: $7 = 0, for all 7 E A’>. 
An idempotent of E is called a primitive idempotent if it cannot be expressed as 
the sum of two nonzero idempotents of E. Using the primitive idempotents of E, 
we define the F-topology on E to be that topology for which {g(e): E is a primitive 
idempotent of E) is a subbase of neighborhoods of 0. 
For the moment let E = E(X) f or some separable group X, then the fin&~ 
topology on E(X) first defined by Szele [lo] can be defined to be the topology for 
which 
Ug = (+ E E(X): (px = O] 
for all x E X is a subbase of neighborhoods of 0. 
Each idempotent E of E(X) corresponds to a direct summand EX of X and if E 
is a primitive idempotent, then EX cannot be expressed as a nontrivial direct 
su.m of groups. Fuchs [4] has shown that direct summands of separable groups 
are separable, so that if E is a primitive idempotent, tben EX must have rank 1. 
This fact will be used without comment wherever necessary. An important 
consequence is that the F-topology on E(X) is the same as the finite topology and 
it is we11 known (for example, see Fuchs 13, p. 211) that E(x) is a complete, 
sdorff, topological ring in the finite topology. We define EJXJ to be the 
deal of E(X) (E) g enerated by the primitive idempotents af E (E); then 
in the finite topology E(X) is the completion of Eh(X). 
IIt seems impossible to avoid using these topologies in the charac~er~~atio~ of 
the endomorphism rings, although the explicit role of the topology can be 
reduced as is described at the end of the next section. 
THE CHAJUCTERIZATI~N 
THEOREM I. An associative ring E with identity is ~sorno~p~~c tothe mdo- 
morphism ring of some idempointed separable group if and only if it satisjes the 
following conditions. 
(a) The left ideal E, is nonzwo and the set {t(c): E E E is a primitive idem- 
potent) contains a unique minimal type, t, . 
(b) For each primitive idempotent T E 22, the group Err is separable. 
448 M. C. WEBB 
(c) For each primitive idempotent T E E such that t(r) -1 t,, and each 
other primitiz?e idemp0tent p E E the following hold. 
(i) r(pE77) = 1, 
(ii) I,(E’;r) <I Z,(Ep), 
(iii) EpEz = Err(t(p)), the latter being the subgroup of elements Of ET 
having type at least t(p), 
(iv) ift(p) = t,, then &r ~2 Ep. 
(d) In the F-topology I? is a complete, Huusdor$ tvpologicul ring. 
(e) In the F-topol0gy, I? is the completion .!?‘,, of E. . 
Before starting the proof of Theorem 1 we prove a result on less specific 
groups. 
PROI’OSI’IXOS 1. For any rank-l group R and any separable group X, the 
group Hom(R, X) is sepurable. 
Prooj. If Hom(R, X) -- 0, then it is trivially separable so that we assume 
it contains a nonzero element +. Then $R :< X has rank 1 and X is separable so 
that thcrc is a finite rank completely decomposable summand, Xi g ... @I X,, 
of X, r(XJ : I, containing $R. If Y is the complement of this summand in X, 
then, 
Hom(R, X) --- Hom(R, Xi) c ... @ Hom(R, X,) fi Hom(R, Y), 
where each Hom(R, Xi) is rank 1 and $ is in their direct sum, proving that 
Hom(R, X) is separable. 
We now prow Theorem 1. 
A:ecessiQ. Let X be any idempointcd separable group and let E = E(X). 
(a) Clearly since X is separable it must have at least one rank-l summand 
so that I+,‘” isnot empty. Since X is pointed the set {t(e): E is a primitive idempo- 
tent of I$ contains a unique minimal type t, , which must be idempotcnt since E 
is an idcmpotent of I?. 
(b) Since ET = Hom(aX, X), Proposition 1 shows that it is a separable 
group. 
(c) (i) pl?~ .- Hom(nX, pX) which is a rank-l group. 
(ii) Since X is separable, ~TX and pX are rank-l groups. Since t(n) ;< 
t(p), there is a monomorphism 4: TX -F pX which in an obivous way extends to a 
homomorphism +’ in E. If we let TX = (x>* and pX = (y)” where F(x) : y. 
Then for each 77 E II:( T+(X) 7 0. Therefore, q(y) = 0 and so yp = 0. ‘J’hus 
I&h) c Z@p). 
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(iii) Clearly, .Ep&r C ET(+)). Take any 77 E i?~(t(p)), then t(yX) 3 
t(pX) 3 t(rX) so that as above there is some $ E Ep satisfying, 
oreover, there exists E E ET satisfying & = p, so that 
proving the equality. 
(iv) Since X is separable, TX and pX are rank 1. Since t(z) = t(p) and 
X is idempointed (pointed is not sufficient), there is an isomorphism $: pX-+ 
TX which defines $’ in E in an obvious way, satisfying +‘p = 7~. Therefore for ah 
7 E En, q = 7~ = q+p E Ep. Thus EAT C Ep and similarly it can be shown that 
Ep C I% so that En = Ep. 
(d) and (e) Since X is separable and E = E(w tbe F-topology is the 
finite topology which is well known to satisfy these conditions (see Fuchs [3, 
p* L-m]). 
~~~~~~~cy~ Suppose that E is as in Theorem 1. Condition (c) (iv) implies 
that the left ideal Es- does not depend on the primitive idempotent T chosen if 
L(T) = ta s Condition (b) implies that X = En is separable and X is clearly 
pointed in t, = t(z), thus X is an idempointed separable group. It remains to 
show that E = E(X). We can embed E as a subring of E(X) using the following 
~~rn~rno~~~~srn: 
L: E + E(X), 
where E(q) x = TX, for all x E X = ET with the product TX in the left ideal 2%. 
In fact due to (e) (ii) and the Hausdorff condition of this is a monomor~b~sm~ 
We identify E with its image in E(X). As a subri of E(X) the ring E h 
topology induced on it by the finite topology on E(X). We shall show that 
is the same as theF-topology of the theorem after a short preparatory rest&where 
we show that for any primitive idempotent p E E, Ep = E(X) p. 
Clearly Ep _C E(X) p, and from condition (c) (iii) EpEn = E~(~~~~~ and 
EpX = EpEm = &r@(p)) = X@(p)). 
For any $ E E(X) p, +pX is rank 1 and satisfies 
Therefore, 
ence there is some f E Ep such that, $p = lp and so E(X) p = Ep. 
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Under the embedding of E into E(X) idempotents of E map to idempotents 
of E(X) and due to condition (c) (i) p rimitive idempotents map to primitive 
idempotents. Moreover, for any primitive idcmpotent p of I?, Z&I) C I,(,)(p). 
So, to show that the two topologies on E are the same it is sufficient o show that 
for any primitive idcmpotent E E I?(X), there is a neighborhood of 0 in the R- 
topology contained in Z,(C). We shall do this by proving that 
x- cpx, 
where the summation is over all primitive idempotents p in E. 
Let R < Q be a subring of Q of type ts , then X is an R-module. Furthermore 
since rr E E is a primitive idempotcnt, 
X=TrX@(l -7r)X=R.x0@Xr, 
for some x,, in X. Using the standard notation from Fuchs [3] for the 
characteristic, x(x) of an clement x of a torsion-free group we note that for all x 
in X, x(x) > x(x0) and x = YX,, -/- x1 for some r E R and some x1 E XI . Then, 
x(x0 + x1) L- x(x& so that X can be rewritten as 
X = R(q, + x1) @ X, = EX @ Xl , 
for some primitive idempotcnt E in E(X). Let p = err E E(X) rr - l&r so that 
and 
since cX, = 0 and x1 E X, , EX~ = 0. So that, 
Therefore p E E is a primitive idempotent and 
r.q)fx,=(r- l)x,+x,+x,EnXfpX, 
implying that Xis generated by its rank-l summcnds corresponding to primitive 
idempotcnts in I:‘. 
T\‘ow, given any primitive idempotent E E E(X) there are primitive idempotents 
p1 ,..., pn in E such that 
EX < 2 pix 
is: 1
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which implies that the topologies are the same. 
Finally, we show that 23s is dense in E(X) by remarking that &(e) C &J(E) 
so that 
0 f & n ; Mfi) c -G n k(X)(E)- F 1 i=l 
This completes the proof since in the F-topology &, = E, but Es is dense in 
E(X) in the induced topology which we showed to be the same as theR-topology 
so that & = E(X). Hence, E E E(X). 
We conclude this section by remarking that for pointed separable groups 
condition (e) could be replaced by the condition (e’) below, 
(e’) Let E, = K @L, a group direct sum of right ideals of ED a If R f 
then there is a primitive idempotent p E E such that pL = 0. 
ISOMORPHISM OF POINTED SEPARABLE GROUPS 
?(HEOREM 2. Let X, Y be idempointed separabb groups for which there is art 
~somo~p~ism CD: E(X) + E(Y). Then X is isomorphic to Y. 
E’YYOO~. We begin by showing that X and Y are idempointed in the same type. 
Let U be a rank-l summand of X of minimal type and U = EX for a primitive 
idempotent E E E(X). Then, Ug CD(E) Y, so that if V = pY is a rank-l sum- 
mand of Y of minimal type, t(V) < t(U) = t(@(c) Y). However, Q”(p) X z Vj 
so 
t(U) < t(@“(p) X) = t(V) < t(@(e) Y) = t(U) 
implies t(U) = t(V). 
There is an element x0 in X such that x(xJ2 = x(x0) and yO in @(E) Y such that 
x(y,Jz = x(y,J. Given any x E X, t(x) > t(xO) since X is idempointed, so that it 
is readily verified that there is #z E E(X) satisfying &x0 = x. Define F: X -+ Y 
by F(x) = @)($.J yO . Then F can be checked to be the required isomorphism. 
As yet only idempointed separable groups have been seriously considered and 
we continue by developing atechnique from Parr [9] which will allow the transi- 
tion to pointed groups. Some of the proof of the following is from Parr 191 and is 
therefore not given in detail. 
PROPQSITION 2. Let X be any group pointed in t(R) for < Q and let X* = 
om(R, X). Then 
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(i) Xg R @ X*, 
(ii) E(X) g E(X*), 
(iii) the group X* is idempointed in the type of the largest sub&g R, of Q 
contained in R, and if X is separable so is X*. 
Proof. (i) As in Parr [9] the isomorphism $: R @X* --f X defined by 
$(Y @ x*) = X*(Y) proves (i) 
(ii) There is a well-known isomorphism (for example, see Fuchs [3]) for 
any triple of groups A, B, C 
Hom(A @ B, C) E Hom(A, Horn@?, C)). 
Therefore 
Hom(X, X) g Hom(R @ X*, X) 
= Hom(X*, Hom(R, X)) 
= Hom(X*, X*). 
In fact the natural group isomorphism is also a ring isomorphism proving that 
E(X) g E(X”). 
(iii) If X is separable, then Proposition 1 implies that X* = Hom(R, X) 
must be as well. What we need now is a relationship between the type set of X 
and the type set of X”. 
PROPOSITION 3. Let A be a rank-l group and C be any other torsion-free 
group, then for any x in A @ C, there is c E C satisfying 
t(x) = t(A) t(c). 
Proof. There are ai in A and ci in C such that x = CF=, ai @ ci . But since 
A is rank 1, there is an element a in A and integers ni , mi such that mia = nisi . 
Let N = n, ~9. nk and Ni = N/ni , then 
Nx = 5 (ai @ ci) 
i=l 
so that t(x) = t(Nx) = t(A) t(c), where c = & Nimici . 
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5ow we can complete the proof of Proposition 2. Any rank-l direct summand, 
U, of X defines the rank-l summand Hom(R, U) of X*, and conversely any 
rank-l direct summand V of X* defines a rank-l summand W of X which is 
isomorphic to R @ V in the decomposition of R @ X*. Therefore, it is clear that 
the set of types of the rank-l summands of X* contains a unique minimal type, 
whichParr [9] shows is idempotent. Thus, x” is an idempointed separabIe group. 
Now we can generalize Theorem 2 to pointed separable groups. 
TEiEOREM 3. Let X, Y be pointed separable gmq% with E(X) s E(Y). Then 
there are rank-l groups S, T satisjying 
where X is pointed in t(T) and Y is poided in t(S). 
Pnmf. Using the notation of Proposition 2, X* = om(X, X) so that 
E(X) z E(F) and Y* = Hom(S, Y) with E(Y) e E(Y*f. Hence, E(X*) g 
E(Y*), where both X* and Y* are idempointed separable groups so that by 
Theorem 2, x” g Y*. Now, 
and 
Therefore, S @ X= T @ Y. 
Finally Theorem 1 is generalized topointed separable groups. 
TEIEOREM 4. An associative ring E with identity is isomorphic to the endo- 
morphism ring oj some pointed separable group ;f and only <f it satis$es ~on~~t~~~~s 
(a)-(e) of Theorem 1. 
P~ooj. We need only show that if X is a pointed separable group, then E = 
E(X) satisfies those conditions. Let X* = Homj , X), where X is pointed in. 
t(R) for < $3, then E(X) G E(X*) and X* is idempointed. ence 22(X*) 
satisfies theconditions implying that E(X) must also. 
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